In this work we construct a novel dissipaton-equation-of-motion (DEOM) theory in quadratic bath coupling environment, based an extended algebraic statistical quasi-particle approach. To validate the new ingredient of the underlying dissipaton algebra, we derive an extended Zusman equation via a totally different approach. We prove that the new theory, if it starts with the identical setup, constitutes the dynamical resolutions to the extended Zusman equation. Thus, we verify the generalized (non-Gaussian) Wick's theorem with dissipatons-pair added. This new algebraic ingredient enables the dissipaton approach being naturally extended to nonlinear coupling environments. Moreover, it is noticed that, unlike the linear bath coupling case, the influence of a non-Gaussian environment cannot be completely characterized with the linear response theory. The new theory has to take this fact into account. The developed DEOM theory manifests the dynamical interplay between dissipatons and nonlinear bath coupling descriptors that will be specified. Numerical demonstrations will be given with the optical line shapes in quadratic coupling environment.
I. INTRODUCTION
Quantum dissipation plays crucial roles in many fields of modern science. Exact theories include the FeynmanVernon influence functional path integral approach, 1 and its differential equivalence, the hierarchical-equationsof-motion (HEOM) formalism. [2] [3] [4] [5] [6] However, almost all existing quantum dissipation theories exploit the Gaussian-Wick's thermodynamical statistics, [7] [8] [9] which is strictly valid only for linear bath couplings. Intrinsically, a linear bath coupling implies a weak backaction of system on environment. The lowest non-Gaussian environment influence requires a quadratic bath coupling.
In this work, we extend the equation of motion (DEOM) theory, 10, 11 to treat the linear-plus-quadratic bath coupling environment. This theory goes with a statistical quasi-particle ("dissipaton") description for the hybrid environment that can be either bosonic or fermionic or excitonic. Dynamical variables in DEOM are the dissipaton density operators (DDOs), for both the reduced system and and the hybrid bath dynamics.
10,11
The latter could also be measured experimentally, via such as the Fano interference, [12] [13] [14] [15] [16] vibronic spectroscopy with non-Condon polarized environment, 17 and transport current noise spectrum.
18
Dissipaton algebra plays essential roles here. 10, 11 It consists of the generalized (non-Gaussian) Wick's theorem and the generalized diffusion equation. This noval algebra leads to the rules on how the DDOs evolves in time, and further on their relations to experimental measurable quantities that involve explicitly the hybrid bath dynamics. [14] [15] [16] [17] [18] From the algebraic construction point of view, the new DEOM theory in quest for amounts to the establishment of the generalized Wick's theorem with dissipatons-pairs added. This will be the new ingredient of the dissipaton algebra for treating the quadratic bath coupling in study.
Another important issue is concerned with the characterization of nonlinear coupling bath. On top of the interacting bath correlation function description, 7-9 addition information would be needed. This is a general concern in any non-Gaussian environment theories. To address this issue, we adopt a polarization model to determine both the linear and nonlinear bath coupling strengths. 19 This model resolves this issue, with a single additional parameter, on top of the conventional linear response theory. This paper is organized as follows. In Sec. II, we construct the DEOM formalism, via the dissipaton algebra, including the aforementioned new ingredient for treating quadratic bath coupling. In Sec. III, we validate this new ingredient, the generalized Wick's theorem with dissipatons-pairs added. To do that we derive an extended Zusman equation via a totally different approach. We prove that the DEOM formalism, if it started with the same setup, constitutes the dynamical resolutions to the extended Zusman equation. Therefore, as the algebraic construction is concerned, we would have also confirmed the DEOM formulations presented in Sec. II. Appeared there are also the linear and quadratic bath coupling strength parameters, which will be discussed on the basis of the nonlinear polarization model in Sec. IV. Numerical DEOM demonstrations are then carried out on the optical line shapes in the nonlinear coupling environment. We conclude in Sec. V.
II. DISSIPATON DYNAMICS THEORY
A. Statistical quasi-particle description Let us start with the total composite Hamiltonian,
The system Hamiltonian H S and dissipative operatorQ S are arbitrary. The latter is set to be dimensionless. The bath Hamiltonian and the hybridization bath operator (solvation mode) are given, respectively,
Throughout this paper we set = 1 and β = 1/(k B T ), with k B and T being the Boltzman constant and temperature. Let Ô B ≡ tr B Ô e −βhB /tr B e −βhB be the bare bath ensemble average. Definex B (t) ≡ e ihBtx B e −ihBt . Set hereafter t ≥ 0 for the time variable. We have
The first expression is the fluctuation-dissipation theorem (FDT), 7,9 with χ (i)
B (ω) being the imaginary part of
The second expression of Eq. (3) presents an exponential series expansion of the linear bath correlation function. Set hereafterx B to be dimensionless, so that the bath coupling parameters, α 1 and α 2 in Eq. (1), are of frequency unit. It is well known that, for a complete characterization of the nonlinear environment influence (α 2 = 0), additional information, on top of Eq. (3), is needed. We will address this issue in Sec. IV. Dissipatons, {f k }, arise strictly via the linear bath coupling part, as follows.
The associated indexk in the second expression above is defined via γk ≡ γ * k . It is easy to verify that both Eq. (3) and its time reversal are reproduced. Denote for later use
They differ from f kfj B , which will also appear explicitly in the dissipaton algebra [cf. Eq. (12)]. From Eq. (5), we have x
As defined in Eq. (6), dissipatons {f k } are statistically independent quasi-particles. Each of them is a macroscopic linear combination of bath degrees of freedoms. Individualf k is characterized by a single damping parameter, γ k , that can be complex, and a joint-pair of interacting strength parameters, η k and η * k .
B. Dissipaton algebra and DEOM formalism
Dynamical variables in DEOM are dissipaton density operators (DDOs):
The dissipatons product inside (· · · )
• is irreducible, such that (c-number)
• = 0. Bosonic dissipatons satisfy the symmetric permutation, (f kfj )
• = (f jfk )
• . Physically, each DDO of Eq. (8) stands for a given configuration of the total n = n 1 + · · · + n K dissipatons. Denote for the use below the associated DDO's index, n ± k , which differs from n ≡ n 1 · · · n K at the specified n k by ±1. Similarly, n ±± kj differs from n at the specified n k and n j that are replaced by n k ± 1 and n j ± 1, respectively.
The DEOM formalism can be easily constructed via the algebraic dissipaton approach. 10, 11 The construction starts with applying the Liouville-von Neuman equation,
, for the total density operator in Eq. (8) . The bath h B -action and the systembath coupling H SB -action are then readily evaluated with the generalized diffusion equation and the generalized Wick's theorem, respectively.
The generalized diffusion equation arises from the single-damping parameter characteristic, as shown in Eq. (6), for both its forward and backward correlation functions. This feature leads to 10, 11 
Together
This is the bath h B -action contribution to the DDOs dynamics. The generalized diffusion equation (9) or (10), with an arbitrary total composite ρ T (t), had been validated previously.
10,11
The generalized Wick's theorem (GWT) deals with the system-bath coupling H SB -action. 10, 11 In this work this theorem has two ingredients, GWT-1 and GWT-2, in relation to the linear and quadratic bath couplings, respectively. The GWT-1 reads 10,11
The expression for tr B (f
but goes with f jfk < B . It together with f kfj > B were defined in Eq. (7). The GWT-1 has been well established and used in evaluating the commutator action of linear bath coupling terms.
The GWT-2 is concerned with the quadratic bath couplings, where a pair of dissipatons (f jfj ′ ) participate in simultaneously without time-ordering. This new ingredient of dissipaton algebra would reads
with the last term being evaluated as
Together with the first term in Eq. (12a) being evaluated via GWT-1, we obtain
being replaced by f jfk < B . The GWT-2 is to be used in the evaluation of the quadratic bath coupling contribution.
The DEOM formalism in the presence of both linear and quadratic bath couplings can now be readily constructed via the above dissipaton algebra. The final results reaḋ
Here,
with
Evidently, the dissipatons defined in Eqs. (3)- (6) are strictly based on the linear bath coupling part that satisfies Gaussian-Wick's statistics. [7] [8] [9] The quadratic nonGaussian bath influences are treated via the GWT-2, Eq. (13). This is the virtue of the DEOM theory that includes the powerful dissipaton algebra. 10, 11 In general, Eqs. (9)- (13) are all non-Gaussian operators in the system subspace.
III. VALIDATION ON DISSIPATON ALGEBRA WITH EXTENDED ZUSMAN EQUATION
This section is devoted to validate the GWT-2, Eq. (12), the new ingredient of the dissipaton algebra presented in Sec. II. It together with the well-established Eqs. (9) and (11) lead immediately and unambiguously to the extended DEOM (14) . Therefore, from the algebraic construction point of view, the required validation can be made with the dissipaton basis set of size K = 1. This amounts to the formal setting Eq. (3) with
The dissipaton index n can be omitted; i.e., ρ
, for the basis set size K = 1 case, in which the DEOM (14) readṡ
The involving superoperators A, B and C, are the same as those in Eq. (15), but without dissipaton indexes. In the following, on the basis of Eq. (17) (18), we validate the dissipaton algebra and thus the extended DEOM theory, Eq. (14) . The proof here is rigourous, due to the nature of the algebraic construction, despite of the fact that the Zusman setup, Eq. (17), itself could even be a bad approximation.
It is well known that the Zusman setup, Eq. (17), is equivalent to the combination of the high-temperature (HT) and the Smoluchowski limits. The HT limit is characterized with
In this case, the solvation mode is a classical Brownian motion in the secondary bath environment. The latter exerts a stochastic force F (t) and friction constant ζ on the solvation mode. The corresponding Langevin equation readsṗ
This is the high-temperature fluctuation-dissipation theorem. The resultant Caldeira-Leggett's equation reads 20, 21 ∂ ∂tρ
Here,ρ 
To complete the Zusman setup, Eq. (17), consider further the Smoluchowski (or strongly-overdamped) limit; i.e., ζ ≫ ω B , whereas ω −1 , in the high-temperature limit. The identities here will be used in eliminating the appearance of βω B in the formulations below. The preexponential coefficient in Eq. (17) reads then
In the strongly-overdamped limit, the momentum p B would no longer be a correlated dynamical variable. The equation of motion forρ(x B ; t) = dp BρW (x B , p B ; t), which is closed now, can be obtained via the standard Fokker-Planck-Smoluchowski algorithm.
22
Another equivalent but much simpler approach is the so-called diffusion mapping method; 23 i.e., mapping each individual p B -space variable to its limiting diffusive x Bspace correspondence. This method makes a simple use of the Langevin equation (20) , which in the stronglyoverdamped limit reduces to
Consider further the following two thermodynamic relations,
Together with p B /x B ≃ −ω B /ζ, as implied in Eq. (25), and
in study here, we would have then
The above results of the Zusman setup lead to the following rules of diffusion mapping,
The Smoluchowski limit to the Calderia-Leggett's master equation is now readily obtained by replacing all those p B -dependent operators in Eqs. (A.12) and (23) . In particular, the Fokker-Planck operator becomes the Smoluchowski or diffusion operator,
While η r = x 
This recovers the conventional Zusman equation, 21, [24] [25] [26] in the absence of the quadratic bath coupling (α 2 = 0). We have also derived Eq. (30) via the standard FokkerPlanck-Smoluchowski approach;
22 however, the derivations are too mathematical and tedious, see Appendix for details. The universal diffusion mapping approach with Eq. (28) is much simpler and physically more appealing.
It is easy to verify that the DEOM formalism, Eq. (18), is just the dynamical resolution to the extended Zusman equation (30). More precisely,
where H n (x) is the n th -order Hermite polynomial, and
We have thus validated the dissipaton algebra, Eqs. (9)- (13). This is the purpose of the above comparisons between the dissipaton approach in Sec. II and the present system-and-solvation composite description. The dissipaton algebra, including the new ingredient, Eq. (12), the generalized Wick's theorem with dissipatons-pairs added, is also by de facto established. Therefore, the extended DEOM (14) for general cases is also validated, due to its algebraic construction nature.
IV. INTERPLAY BETWEEN DISSIPATONS AND ENVIRONMENT PARAMETERS
Turn to the issue on the bath coupling parameters, α 1 and α 2 . It is crucial to have a physical support on the nonlinear coupling bath descriptors. This issue is directly related to the extended DEOM theory, which should describe the dynamical interplay between dissipatons and nonlinear bath couplings. Erroneous descriptors of α 1 and α 2 would result in unphysical DEOM dynamics.
In the following, we adopt a polarization model 19 to determine both α 1 and α 2 . For clarity, we consider a chromophore system, with its ground |g and an excited |e states being engaged in optical excitations. The total system-and-bath composite Hamiltonian in the presence of external classical laser field E(t) assumes
withμ S = µ(|g e| + |g e|) and
Here, h g and h e denote the bath Hamiltonians associating with the ground and excited system states, respectively. Equation (34) assumes the form of Eq. (1); i.e.,
with the system Hamiltonian and dissipative mode,
In Eq. (36) the bath Hamiltonian goes with h B = h g . The polarization model assumes
and
The physical picture of this model is as follows. The system is initial in the ground |g state, withx B describing its first solvation shell of frequency ω B . Upon excitation, the system in the excited |e state experiences different solvation environment. The reorganized first-shell solvation is described withx 
The renormalized frequencies forx B andx ′ B would be ω B = ω B + η and ω
respectively. The reorganization energy in the absence of quadratic bath coupling is given by
Substituting Eqs. (38)- (43) for Eq. (35), followed by some algebra, we obtain
where 
Here, J(ω) denotes the interacting secondary bath spectral density that can be expressed in terms of
Note that χ B (ω) ≡ χ Kramers-Kronig relation. [7] [8] [9] For the solvation mode frequency, we have
Here, χ B (0) = χ 
The above identities describe the determination of ω B via any given χ 
We set the parameters (in unit of ω B ) γ = 10 and η = 20, at k B T = 1; and also λ = 1 for nonzero linear bath coupling strength. 
V. SUMMARY
Evidently, the dissipaton algebra leads readily to the DEOM formalism, as seen in Sec. II. The key contribution of this work is the establishment the generalized Wick's theorem with a pair of dissipatons added; i.e., the GWT-2, Eq. (12) . The other ingredients of the dissipaton algebra presented in Sec. II had all been well established in our previous work.
10,11
The new ingredient, Eq. (12), which is now verified unambiguously in Sec. III, can be used consecutively to treat further higher-order nonlinear bath couplings. For example, the GWT-3, illustrated with the dissipatonbasis-set size of one, would go with [cf. Eq. (12a)]
While the first quantity is evaluated by using Eq. (12), the second quantity would be
The first two quantities are evaluated via the GWT-1 and the GWT-2 of Eq. (12b), respectively. The last quantity above goes with
The GWT-3 is then completed. The GWT-n follows the same recursive procedure. Thus, the present work represents a major advancement in the DEOM theory, with the specified class of non-Gaussian coupling environments that could be physically characterized, as illustrated in Sec. IV.
We start with the FP operator, Eq. (23), which has the coherent and incoherent contributions:
It is easy to obtain
where
(A.6)
These are the bosonic annihilation and creation operators, satisfying [â,â † ] = 1. The normalized eigen solutions to Eq. (A.4) are therefore
with the ground state ψ 0 (p B ) of Eq. (A.5) and
Apparently, {ψ n (p B )} are all real. On the other hand, from Eq. (A.6), we evaluate
We have also
Turn now to the transformed Caldeira-Leggett's equation (A.12),
The second expression goes with the complete and orthonormal basis set of {ψ n (p B ); n = 0, 1, · · · }. Therefore,
Together with Eqs. (A.6)-(A.11), we obtain (25)- (27) that result in the rules of diffusion mapping, Eq. (28), is much simpler and physically more appealing.
